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1 Introduction and main results
Schr\"odinger
$H(\lambda)=(D_{x_{1}}+bx_{2})^{2}+(D_{x_{2}}-bx_{1})2+\lambda^{2}V(x)$ in $L^{2}(\mathrm{R}^{2})$
$D_{x_{j}}=-i\partial/\partial x_{j}(j=1,2),$ $\lambda$ $b\in \mathrm{R}$
$H(\lambda)$ B $=-2bdx_{1}\wedge dx_{2}$
V(x)
(H. 1) $V(x)\in C^{\infty}(\mathrm{R}^{2};\mathrm{R})$
$(H.2)V(x+\gamma)=V(x)$ in $\mathrm{R}^{2}$ for any $\gamma\in\Gamma:=2\pi \mathrm{Z}\oplus 2\pi \mathrm{Z}$
$(H.3)V(x)\geq 0$ in $\mathrm{R}^{2}$
$(H.4)V(X)=0\Leftrightarrow x\in\Gamma$
$(H.5)V^{\mu}(x)=2,$ $\mu_{1},$ $\mu_{2}>0$
Direct integral decomposition B $\circ$
$(H.6)\langle B, \Gamma\wedge\Gamma\rangle\subset 2\pi \mathrm{Z}i.e$ . $b \in\frac{1}{4\pi}\mathrm{Z}$
$H(\lambda)$
$\lambdaarrow\infty$ $H(\lambda)$
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( $\mathrm{b}=0$ ) B.Simon [1] A.Outassout [2] ground
state band exponential order o Simon
Outassout B Helffer-J Sj\"ostrand [3]
WKB
ground state band exponential order
$d_{V}(x, y)$ $\mathrm{V}(\mathrm{x})$ Agmon $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{e}\text{ }$ so $:= \min_{\gamma\epsilon\Gamma\backslash \{0\}}dv(0, \gamma)(>0)$ ,
$x_{0}\in \mathrm{R}^{2},$ $r>0$ $B_{V}(x0, r):=\{x\in \mathrm{R}^{2} : dv(x0, x)<r\}$
Theorem $A$ (H.1) (H.6) $\forall_{\eta>0}$ $H(\lambda)$
ground state band $\mathrm{O}.(e^{-(S})\lambda)0-2\eta$ (as $\lambdaarrow\infty$ )
Theorem A
$\Lambda:=\{\gamma\in\Gamma:d_{V}(0, \gamma)=s0\}$ $\gamma\in\Lambda$
(H.7) There is a unique geodesic $\kappa$ of length $s_{0}$ joining $0$ and $\gamma$ .
(H.8) $x0\in \mathcal{K}\cap B_{V}(0, S\mathrm{o})\cap BV$ ( $\gamma,$ so)
$\Gamma_{0}$ CC $B_{V}(\mathrm{O}, s\mathrm{o})\cap B_{V}$ ( $\gamma,$ so): smooth curve which intersects $\kappa$
transversally at $x_{0}$ where $x_{0}$ is the only point in $\overline{\Gamma_{0}}\cap\kappa$
$\Rightarrow\exists C>0_{\mathrm{S}}.\mathrm{t}$ .
$d_{V}(x, \mathrm{o})+d_{V}(x, \gamma)\geq s_{0}+Cd_{V}(x, x\mathrm{o})^{2}$ for any $x\in\Gamma_{0}$
Theorem $B$ (H.1) (H.8) $H(\lambda)$ ground
state band $(b_{0}\lambda^{\frac{3}{2}}+O(\lambda^{\frac{1}{2}}))e^{-s0}\lambda$ (as $\lambdaarrow\infty$ )
$b_{0}>0$ :independent of $\lambda$
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2 Preliminaries
$\Gamma=2\pi \mathrm{Z}\oplus 2\pi \mathrm{Z}$ fundamental domain $\mathrm{E},$ $\Gamma$ dual lattice $\Gamma^{*},$ $\Gamma^{*}$
fundamental domain $E^{*}$ $E=[0,2\pi)\cross[0,2\pi)$ ,
$\Gamma^{*}:=\{\gamma^{*}\in \mathrm{R}^{2} : \gamma\cdot\gamma^{*}\in 2\pi \mathrm{Z}\forall_{\gamma}\in\Gamma\}=\mathrm{Z}\oplus \mathrm{Z},$ $E^{*}=[0,1)\cross[0,1)$
$H_{B}^{2}(\mathrm{R}^{2}):=\{u\in L^{2}(\mathrm{R}^{2}):\tau_{i}u, T_{i}Tju\in L^{2}(\mathrm{R}^{2})\forall_{i,j}\in\{1,2\}\}$
, $T_{1}:=D_{x_{1}}+bx_{2}$ , $T_{2}:=D_{x_{2}}-bx_{1}$ ,
$Dom(H(\lambda)):=H_{B}^{2}(\mathrm{R}2)$ $H(\lambda)$ self-adjoint
$H_{B}^{2}(\mathrm{R}^{2})$




$u\in S(\mathrm{R}^{2}),$ $\theta\in E^{*}$
$( \mathcal{U}u)(x, \theta):=\sum e^{i\theta}(\gamma\in\Gamma\gamma\cdot \mathrm{T}_{\gamma}^{B}u)(X)$
$(_{X\in \mathrm{R}^{2}})$
$\theta\in E^{*}$
$\mathcal{H}_{B,\theta}:=$ { $v\in L_{l_{oC}}^{2}(\mathrm{R}^{2})$ : $\mathrm{T}_{\gamma}^{B}v=e^{-i\gamma\cdot\theta}v$ $a.e$ . in $\mathrm{R}^{2}\forall_{\gamma}\in\Gamma$}
$\mathcal{H}_{B,\theta}^{2}:=\{v\in \mathcal{H}B,\theta : \tau_{i}v, \tau_{i}\tau_{j}v\in \mathcal{H}_{B},\theta\forall_{i,j}\in\{1,2\}\}$
$\mathcal{H}_{B,\theta}$ $(u, v)_{H_{B,\theta}}:= \int_{E}u(x)\overline{v(X)}dx$ , $u,$ $v\in \mathcal{H}_{B,\theta}$ $0$
$\theta\in E^{*}$
$H(\lambda;\theta):=(D_{x_{1}}+bx_{2})^{2}+(D_{x_{2}}-b_{X}1)^{2}+\lambda^{2}V(x)$ in $\mathcal{H}_{B,\theta}$ with domain $\mathcal{H}_{B,\theta}^{2}$
Proposition 2.1
$\mathcal{U}$ $L^{2}(\mathrm{R}^{2})$ $\int_{E^{*}}^{\oplus}\mathcal{H}B,\theta d\theta\wedge \text{ }\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}-$ operator –
(2. 1) $\mathcal{U}H(\lambda)\mathcal{U}^{-1}=\int_{E^{*}}^{\oplus}H(\lambda, \theta)d\theta$
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H $:= \int_{E^{*}}^{\oplus}\mathcal{H}_{B},\theta d\theta \text{ }$
$(u, v)_{\mathcal{H}}:=(volE^{*})^{-}1 \int_{E^{\mathrm{c}}}\int_{E}u(x, \theta)\overline{v(X,\theta)}dXd\theta$ $(u, v\in \mathcal{H})$
$H(\lambda, \theta)$ compact resolvent spectrum purely
discrete $H(\lambda, \theta)$ j $(\lambda, \theta)$
$\mathcal{E}_{j}(\lambda, \theta)$ \theta
(2.2) $\sigma(H(\lambda))=\bigcup_{=j1}\infty$ $(\lambda, E^{*})$ $(\lambda, E^{*}):=\{\mathcal{E}j(\lambda;\theta) : \theta\in E^{*}\}$
$(\lambda;E^{*})$ 1 $\mathcal{E}_{j}(\lambda;E^{*})$ j-th $\mathrm{b}_{\mathrm{a}\mathrm{n}}\mathrm{d}_{\text{ }}\mathcal{E}_{1}(\lambda;E*)$ ground
state band $H(\lambda)$ spectrum $(\lambda;\theta)$
$\Lambda_{0}:=$ { $(2j+1)\sqrt{\mu_{1}}+(2k+1)\sqrt{\mu_{2}}$ : $j,$ $k\geq 0$ ; integers} $\Lambda_{0}$
n $v_{n}$
Theorem 2.2
$\forall_{n\in \mathrm{N}},$ $n\geq 1$ $\mathcal{E}_{n}(\lambda;\theta)=v_{n}\lambda+o(\lambda)$ $(\lambdaarrow\infty)$
error term \theta \in E –
Outline of proof
Harmonic approximation (cf. [1])
(H.6) $V(x)=\mu 1x_{1}+\mu 2X2+22o(|x|^{3})$ (as $|x|arrow 0$)




oscillator unitary (see Appendix)
(2.4) $-\triangle+m_{1}(\lambda)x1^{2}+m2(\lambda)_{X_{2^{2}}}$ in $L^{2}(\mathrm{R}^{2})$
$m_{1}(\lambda),$ $m_{2}(\lambda)$ $\mathrm{t}$ 2
$t^{2}-((\mu_{1}+\mu 2)\lambda 2+4b2)t+\mu_{1}\mu 2\lambda 40=$
$m_{1}(\lambda)<m_{2}(\lambda)$
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$H_{0}(\lambda)$ eigenvalue $(2j+1)\sqrt{m_{1}(\lambda)}+(2k+1)\sqrt{m_{2}(\lambda)}$ ,




$(2j+1)\sqrt{m_{1}(\lambda)}+(2k+1)\sqrt{m_{2}(\lambda)}=v_{j},k\lambda+o(1)$ (as $\lambdaarrow\infty$ )
$(2j+1)\sqrt{m_{1}(\lambda)}+(2\mathrm{k}+1)\sqrt{m_{2}(\lambda)}$ $H_{0}(\lambda)$ $\psi_{j,k}(\lambda;X)$
$\{\psi_{j,k}\}_{j},k\geq 0$ : C.O.N.S. in $L^{2}(\mathrm{R}^{2})$ $\psi_{j,k}$
(2.5) $|\psi_{j,k}(\lambda;x)|\leq C_{j,k}\lambda^{\frac{1}{2}}exp(-C\lambda|x|^{2}),$ ( $C_{j)},$${}_{k}C>0$ :const. indep. of $\lambda$ )
$v_{n}=v_{j}n,kn(n=1,2, \cdots),$ $(j_{n}. ’ k_{n})\neq(jm’ k_{m})$ if $n\neq m$
$\psi_{n}$ $:=\psi_{j_{n’ n}}k$ , $\varphi_{n}(\lambda;x;\theta)$




(2.6) $(\varphi_{n}(\lambda;x;\theta), \varphi_{m}(\lambda;x;\theta))_{\mathcal{H}}B,\theta=\delta_{nm}+o(e^{-C\lambda})$ (as $\lambdaarrow\infty\rangle$
(2.7) $(H(\lambda;\theta)\varphi_{n}(\lambda;X;\theta), \varphi m(\lambda;x;\theta))_{\mathcal{H}}B,\theta=v_{n}\lambda\delta_{n}m+^{o}(\lambda^{\frac{1}{2}})$ (as $\lambdaarrow\infty$ )
error term \theta \in E –
Schmidt Rayleigh-Ritz Principle
$\mathcal{E}_{n}(\lambda;\theta)\leq v_{n}\lambda+O(\lambda^{\frac{1}{2}})$
$\mathrm{S}\mathrm{i}\mathrm{m}\mathrm{o}\mathrm{n}[1]$ I .M.S. localization formula
& $($ \mbox{\boldmath $\lambda$}; $\theta)\geq v_{n}\lambda-O(\lambda^{\frac{4}{5}})$ $\square$
3 Outline of Proof of Theorem A




$\gamma:[0,1]arrow \mathrm{R}^{2}$ ; piecewise $C^{1}$ path $s.t$ . $\gamma(0)=x,$ $\gamma(1)=y$
$x_{0}\in \mathrm{R}^{2},$ $r>0$ $B_{V}(x0, r):=\{x\in \mathrm{R}^{2} : d_{V}(x0, x)<r\}$ ,
$s_{0}:= \gamma\Gamma\backslash \{0\}\min_{\in}d_{V(\gamma}\mathrm{o},)(>0)$ $0$
\eta >0: $W_{\eta}\in C_{0}^{\infty}(\mathrm{R}^{2})$





(3.1) $\tilde{H}(\lambda):=(D_{x_{1}}+bx_{2})^{2}+(D_{x_{2}}-bx_{1})^{2}+\lambda^{2}\tilde{V}(x)$ in $L^{2}(\mathrm{R}^{2})$
with domain $H_{B}^{2}(\mathrm{R}^{2})$
\S 2 $\forall_{n}\in \mathrm{N},$ $n\geq 1$ $\tilde{H}(\lambda)$
$\lambda$ essential spectrum $\mathrm{n}$
$\tilde{H}(\lambda)$ $\mathrm{i}$ $v_{j}\lambda+o(\lambda)$ (as $\lambdaarrow\infty$ )
$\overline{\mathcal{E}}(\lambda)\text{ }\overline{H}(\lambda)\theta)$ first eigenvalue $(\mathcal{E}(\lambda)=(\sqrt{\mu_{1}}+\sqrt{\mu_{2}})\lambda+o(\lambda))$ , $\emptyset(\lambda)(x)^{\text{ }}\mathcal{E}(\lambda)$
H(\mbox{\boldmath $\lambda$}) eigenfunction $||\phi(\lambda)||L^{2}(\mathrm{R}^{2})=1$
Helffer-Sj\"ostrand [2] $\phi(\lambda)\sim$ decay estimate :
Lemma 3.1 $\forall_{\epsilon>0}$
(3.2) $||e^{\lambda(1-\epsilon}V\phi()d\sim(x,0)\sim\lambda)(X)||H2(B\mathrm{R}^{2})=O(_{6}\in\lambda)$ (as $\lambdaarrow\infty$ )
apriori estimate Sobolev
Lemma 32 $\forall_{6}>0,$ $\forall_{\alpha}\in \mathrm{N}^{2}$ $\exists_{C_{\alpha,\epsilon}}>0$ : const. $s.t$ .
$|\partial_{x}^{\alpha}\tilde{\phi}(\lambda)(X)|\leq C_{\alpha,\epsilon}e^{-\lambda}(d\sim V(x,0)-\mathcal{E})$ in $\mathrm{R}^{2}$
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$\chi_{\eta}\in \mathit{0}_{0}\infty(\mathrm{R}2)$






$\sim r_{\theta}(\lambda)(x):=\sum e^{i\gamma\cdot\theta}(\mathrm{T}_{\gamma}^{B\sim}r(\lambda))(x)$ ,
$\gamma\in\Gamma$
$\sim r(\lambda):=-\triangle\chi\eta\phi-2\nabla x\sim\eta$ . $\nabla\emptyset-\sim 2bi((x2\partial_{x_{1}}-x_{1}\partial_{x_{2}})x_{\eta})\phi\sim$
$(3.2),(3.3)$
(3.4) $||\tilde{\psi}_{\theta}||_{\mathcal{H}_{B}},\theta=1+O(e^{-}-2\eta)\lambda(s0)$,
error term \theta \in E uniform.
(3.5) $||r_{\theta}|\sim|\mathcal{H}_{B,\theta}=O(e^{-\lambda}(s0^{-2}\eta))$ , error term \theta \in E uniform.
$\mathrm{L},f_{-}^{\vee}\mathrm{B}_{\grave{\grave{\mathrm{a}}}}\cdot\supset C\vee\text{ }dis(\tilde{\mathcal{E}}(\lambda), \sigma(H(\lambda;\theta)))\leq.\frac{||(H(\lambda,\theta)-\mathcal{E}(\lambda))\psi_{\theta}||_{\mathcal{H}_{B}},\theta}{||\tilde{\psi}_{\theta}||_{\mathcal{H}_{B}},\theta}$
$= \frac{||r_{\theta}|\sim|\mathcal{H}_{B,.\theta}}{||\overline{\psi}_{\theta}||_{\mathcal{H}_{B}}\theta}=o(e^{-}(S0-2\eta))\lambda$
$\tilde{\mathcal{E}}(\lambda)=v_{1}\lambda+o(\lambda),$ $\mathcal{E}_{1}(\lambda;\theta)=v1\lambda+o(\lambda),$ $\mathcal{E}_{2}(\lambda;\theta)=v_{2}\lambda+o(\lambda)$
( $v_{1}=\sqrt{\mu_{1}}+\sqrt{\mu_{2}}<v_{2}$ , error term \theta \in $\mathrm{E}$ – )
Theorem A $\square$
4 Outline of Proof of Theorem $\mathrm{B}$
Theorem $\mathrm{B}$ \S 3 $\mathcal{E}_{1}(\lambda;\theta)$
$\theta\in E^{*}$ – band
$\mathcal{E}_{1}(\lambda;\theta)$ \theta \in E
W.K.B.
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$\mathrm{H}$ :Hilbert $\mathrm{s}\mathrm{p}$ .
$E,$ $F\subset H$ : closed subsp.
$\Pi_{F}$ : $Harrow F$ ; orthogonal projection onto $\mathrm{F}$ o
$arrow d(E,.F)$ $:=$ $\sup$ $dis(x, F)=||(1-\Pi_{F})|_{E}||H$ $\circ$
$x\in E,$ $||x||=1$
Proposition $4.1$ ( $[3]$ pp348-349)
$\mathrm{A}:\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{f}$-adjoint operator in $\mathrm{H}$
$\mathrm{I}\subset \mathrm{R}:\mathrm{c}\mathrm{o}\mathrm{m}_{\mathrm{P}}\mathrm{a}\mathrm{c}\mathrm{t}$ interval
$\psi_{1},$ $\psi_{2},$ $\cdots\psi N\in H;\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{y}$ independent
$\mu_{1},$ $\mu_{2},$ $\cdots,$ $\mu N\in I$ ,
$A\psi_{j}=\mu j\psi_{j}+r_{j}$ , $||r_{j}||\leq\epsilon(j=1,2, \cdots, N)$
$\mathrm{I}=[\alpha, \beta]$
$\exists_{a>0\mathrm{s}.\mathrm{t}}$ . $\sigma(A)\cap[\alpha-2a, \alpha]=\emptyset,$ $\sigma(A)\mathrm{n}[\beta, \beta+2a]=\emptyset$
$E$ : $\psi 1,$ $\cdots,$ $\psi N$ subspace,
$F:\sigma(A)\cap I$ subspace
$d(E, F) \leq\frac{N^{\frac{1}{2}}\epsilon}{a\sqrt{\lambda_{S}^{\min}}}arrow$ ,
$\lambda_{s}^{\min}$ S $=((\psi_{j}, \psi_{k})_{H})$ smallest eigenvalue o
$\theta\in E^{*}$ $E_{\theta}(\lambda):=\{k\tilde{\psi}_{\theta}(\lambda) : k\in \mathrm{C}\}$ , $F\theta(\lambda)$ $H(\lambda;\theta)$
E1 $($ \mbox{\boldmath $\lambda$}; $\theta)$ \S 3
Lemma 4.2
$arrow d(E_{\theta}(\lambda), F_{\theta}(\lambda))=^{o}(e^{-}(s0-2\eta)\lambda)(\lambdaarrow\infty)$
error term \theta \in E –
Lemma 3. $1,\mathrm{L}\mathrm{e}\mathrm{m}\mathrm{m}\mathrm{a}$ 3.2
$\underline{Lemma4.3}$
$\mathcal{E}_{1}(\lambda;\theta)=\tilde{\mathcal{E}}(\lambda)+\sum_{0\gamma\in \mathrm{r}\backslash \mathrm{t}\}}e^{i\gamma\cdot\theta}(\mathrm{T}_{\gamma L}^{B\sim}r,\tilde{\psi})2(\mathrm{R}^{2})+o(e^{-}(2_{S0\eta}-5)\lambda)$
(as $\lambdaarrow\infty$ )










(4.2) $(\mathrm{T}_{\gamma L}^{B\sim}r, \psi)2(\mathrm{R}^{2})=(\mathrm{T}_{-}^{B\sim}\gamma^{r}’\tilde{\psi})L2(\mathrm{R}^{2})$ $\forall\gamma\in\Lambda$
$\gamma\in\Lambda,$ $a>0$
$E_{\gamma}^{(a)}:=\{x\in \mathrm{R}^{2} : d_{V}(\mathrm{o}, X)+dv(\gamma, X)\leq s0+a\}$
$a>0$ : $E_{\gamma}^{(a)} \subset Bv(\mathrm{O}, \mathrm{s}0-\frac{3}{4}\eta)\cap B_{V}(\gamma, s0-\frac{3}{4}\eta)$
$\Omega$ : open domain with smooth boundary $*$
$0\not\in\overline{\Omega},$ $\gamma\in\Omega,$
$E_{\gamma}^{(a)}$ $\subset B_{V}(\gamma, S0-\frac{3}{4}\eta),$ $E_{\gamma}^{(a)} \cap\Omega^{C}\subset BV(0, s_{0}-\frac{3}{4}\eta)$
$\tilde{\Gamma}_{\gamma}:=\partial\Omega\cap E^{(a}$ ) $n=(n_{1}, n_{2})$ \Omega outer unit
normal eigenfunction decay estimate
Lemma 44
(4.3) $( \mathrm{T}_{\gamma}^{B\sim}r,\tilde{\psi})L^{2}(\mathrm{R}^{2})\equiv\int_{\Gamma_{-\gamma}}\sim\{\emptyset\frac{\partial}{\partial n}(\mathrm{T}_{-}B\sim_{\phi})-(\mathrm{T}^{B}\sim_{\phi})\frac{\partial}{\partial n}\emptyset\}\gamma-\gamma ds\overline{\sim}\overline{\sim}\sim$
$-2bi \int_{\mathrm{r}_{-\gamma}}\sim\emptyset \mathrm{T}-B\sim_{\emptyset}\gamma(x2n_{1}-x_{1}n2)\overline{\sim}ds$ mod $o(\lambda^{-\infty}e-S_{0}\lambda)$
$(\mathrm{T}_{\gamma L}^{B\sim}r,\tilde{\psi})2(\mathrm{R}^{2})$ mod $O(\lambda^{-\infty}e-s0\lambda)$ $\tilde{H}(\lambda)$
W.K.B. $\mathrm{W}.\mathrm{K}$ .B. (cf. [3])
$H(\lambda)=(D_{x_{1}}+bx_{2})^{2}+(D_{x_{2}}-bx_{1})^{2}+\lambda^{2}V(x)$ in $\mathrm{R}^{2}$
$\mathrm{W}.\mathrm{K}$ .B. $(a\mathrm{o}(X)+a_{1}(x)\lambda^{-1}+a_{2}(x)\lambda^{-2}+\cdots)e^{-\lambda\varphi()}x$
$\varphi(x):\mathrm{R}$-valued $C^{\infty}$ function defined near $0$ in $\mathrm{R}^{2}$ ,
$a_{0}(x),$ $a_{1}(x),$ $\cdots,$ $a_{N}(X)$ : $\mathrm{C}$-valued $C^{\infty}$ function defined near $0$ in $\mathrm{R}^{2}$ ,
$e_{1},$ $e_{2},$ $\cdots,$ $e_{N}+1\in \mathrm{C}$







$+ \sum\{2\nabla\varphi\cdot\nabla a\iota_{=}N-1+\iota 1+(\triangle\varphi)a\iota_{+}1+2\dot{b}i(L(\rho)al+1-XbiLa_{l}+b^{2}|x|^{2}a_{l}$
$l=0$









$- \sum_{1}\mathrm{j}+j\geq 0,k\geq k=l+2$
$ekaj=0$
$(0\leq l\leq N-1)$
(4.5) $k$ eikonal $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\text{ }$ (4.6) $*$ first transport $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\text{ }$
$(4.7)_{l}$ $(1+2)$-th transport equation




$:=\mathrm{t}\mathrm{h}\mathrm{e}$ set consists of $\{0\}$ and the union of the interiors of all minimal
geodesics from $0$ to some point in $\mathrm{R}^{2},\mathrm{o}\mathrm{f}$ length strictly less than $s_{0}-\epsilon$ .
geodesic
$\{$
$\gamma:[0, a]arrow \mathrm{R}^{2};\mathrm{p}\mathrm{i}\mathrm{e}\mathrm{C}\mathrm{e}\mathrm{w}\mathrm{i}_{\mathrm{S}}\mathrm{e}$ smooth curve,
$\gamma(t)\not\in\Gamma\forall t\in(0, a]$
$\gamma(t)arrow 0$ (as $tarrow+0$)
$\gamma|(0,a]$ $\mathrm{R}^{2}\backslash \Gamma$ with $Vdx^{2}$ geodesic
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$\Omega_{0}$ open set $d(x):=dV(x, \mathrm{o})$ :
$d(x)\in C^{\infty}(\Omega_{0})$ , $|\nabla d(X)|2=V(x)$ in $\Omega_{0}$
$d(x)$ eikonal equation (4.5)
transport equation
$x_{:=}2\nabla d\cdot\nabla$
$=2( \frac{\partial d(x)}{\partial x_{1}}\frac{\partial}{\partial x_{1}}+\frac{\partial d(x)}{\partial x_{2}}\frac{\partial}{\partial x_{2}})$ in $\Omega_{0}$






first transport equation (4.6)
$(4.6)\text{ }$ $2\nabla\varphi\cdot\nabla a_{0}+(\triangle\varphi+2biL\varphi-e_{1})a0=0$
$e_{1}=(\triangle\varphi)(0)+2bi(L\varphi)(0)$
$=(\triangle\varphi)(0)$
Lemma45 (4.6) $a_{0}(0)=1$ $\Omega_{0}$
(4.7)0
$(4.7)0\#\mathrm{h}$




Lemma45 $(4.7)0$ al (0)=0 $\Omega_{0}$
inductive $(4.7)_{l}(l=1,2, \cdots)$ $e\iota+2=-(\triangle al)(\mathrm{o})$
al+l(0)=0 $\Omega_{0}$
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Lemma 46 $\exists_{e_{1},e_{2}},$ $\cdots\in \mathrm{R}(e_{1}=\sqrt{\mu_{1}}+\sqrt{\mu_{2}})$
$\exists_{\mathcal{E}(\lambda)++\lambda^{-}+}\sim e_{1}\lambda e_{2}e31\ldots(\lambdaarrow\infty)$
$\exists_{a_{0}}(X),$ $a_{1}(x)\cdot\cdot\cdot$ : $\mathrm{C}$-valued $C^{\infty}$ function in $\Omega_{0}$
. with $a_{0}(x)\neq 0$ in $\Omega_{0}$ , $a_{0}(0)=1$ , $a_{j}(\mathrm{O})=0(j\geq 1)$
$\exists_{a(x,\lambda)}$ : $\mathrm{C}$-valued $C^{\infty}$ function of $x$ in $\Omega_{\epsilon}$
$\infty$
$\mathrm{s}.\mathrm{t}$ . $a(x, \lambda)\sim\sum a_{j}(X)\lambda^{-}j$
$j=0$
, $(H(\lambda)-\mathcal{E}(\lambda))\theta(\lambda)=o(\lambda-\infty)e^{-\lambda d(x})$ in $\Omega_{\epsilon}$
where $\theta(\lambda):=\lambda^{\frac{1}{2}}a(X, \lambda)e-\lambda d(x)$
$(i.e$ . $\max|\alpha|\leq 2_{x\in}\sup_{\epsilon}\Omega|\partial_{x}^{\alpha}(a(x, \lambda)-\sum_{=j0}^{N}aj\lambda^{-j}|=O(\lambda^{-(N+}1))\forall N\in \mathrm{N}$,
$\sup_{x\in\Omega_{\epsilon}}|e^{\lambda d}(x)(H(\lambda)-\mathcal{E}(\lambda))\theta(\lambda)|=O(\lambda^{-\infty}))$
$\epsilon>0$ $||\theta(\lambda)||_{L^{2}}(\Omega_{\epsilon})=1$ normalize
$K\subset\Omega_{\epsilon}$ : compact $\eta>0$ $\Omega_{\epsilon}\subset B_{V}(\mathrm{O}, s\mathrm{o}-\eta)$
$\overline{K}\text{ }\mathrm{K}$
$\{0\}$ minimal geodesic $\overline{I\mathrm{f}}\subset\Omega_{\mathcal{E}}$
$\tilde{\Omega}$ : $K$ $\tilde{\Omega}\subset\subset\Omega_{\epsilon}$
$\chi\in C_{0}^{\infty}(\mathrm{R}^{2})$ $\chi=1$ in $nbd$ . of $\overline{I\prime_{\iota}’},$ $supp\chi\subset\tilde{\Omega}$
Proposition 4.1 $|(\chi\theta(\lambda), \phi\sim(\lambda))_{L}2(\mathrm{R}2)|=1+O(\lambda^{-\infty})$
$\lambda$ $\phi(\lambda)\sim \text{ }$ $(\chi\theta(\lambda), \phi\sim(\lambda))L2(\mathrm{R}^{2})>0$
$\omega(\lambda)=x(\phi(\sim\lambda)-\theta(\lambda))$
Lemma 4.7 K. $nbd.$ of K $(\underline{\overline{I\mathrm{f}}}\subset\subset\tilde{\Omega})$
$\omega=O(\lambda^{-\infty})e^{-\lambda d(x})$ in $H^{2}(K)^{\text{ }}$ \supset
(4.3) $\forall_{\gamma}\in\Lambda$
(4.8) $( \mathrm{T}_{\gamma L}^{B^{\sim}}r,\tilde{\psi})2(\mathrm{R}^{2})\equiv\int_{\Gamma_{-\gamma}}\sim\{\theta\frac{\partial}{\partial n}\overline{(\mathrm{T}^{B}-\gamma)}-\overline{(\mathrm{T}^{B}-\gamma\theta)}\theta\frac{\partial}{\partial n}\theta\}dS$
$-2bi \int_{\Gamma}\sim-\gamma\theta\overline{\mathrm{T}_{-\gamma}B\theta}(x2n1-x_{1}n_{2})ds$ mod $O(\lambda^{-\infty}e-s0\lambda)$
(H.7), (H.8) Morse lemma
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(4.9) $( \mathrm{T}_{\gamma L}^{B\sim}r,\tilde{\psi})2(\underline{\mathrm{R}^{2}})=(\overline{b}\lambda^{\frac{3}{2}}+o(\gamma\lambda\frac{1}{2}))e-S_{0}\lambda(\lambdaarrow\infty),$ $\gamma\in\Lambda$
with $b_{\gamma}\in \mathrm{C}\backslash \{0\}$
$\theta\in E^{*}$
$f( \theta):=\sum\gamma\in\Lambda e\overline{b_{\gamma}}i\gamma\cdot\theta$
$(4.2),(4.9)$ $\forall_{\gamma\overline{b_{\gamma-\gamma}}}\in\Lambda \text{ }=b$
—-
$b_{0\max_{E^{*}}f(\theta}:=_{\theta\in})- \min_{\theta\in E^{\mathrm{s}}}f(\theta)$ $(4.1),(4.9)$
(4.10) length of $\mathcal{E}_{1}(\lambda;E^{*})=(b_{0}\lambda^{\frac{3}{2}}+O(\lambda^{\frac{1}{2}}))e^{-s\mathrm{o}\lambda}$ (as $\lambdaarrow\infty$ )
$b_{0}>0$
$\gamma\in\Lambda$ $\overline{b_{\gamma}}=\int_{E^{*}}f(\theta)e^{-}d\theta i\gamma\cdot\theta$ $f(\theta)\equiv const$ . on $E^{*}$
$\sim b_{\gamma}=0$ (4.9) $f(\theta)$ \theta \in E
bO >0




$m\in \mathrm{R}$ Symbol class $S^{m}$
$S^{m}:=\{a(x,\xi)\in C^{\infty}(\mathrm{R}_{x}^{n}\cross \mathrm{R}_{\xi}^{n})$ :
$|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}a(X,\xi)|\leq c_{\alpha\beta}(1+|X|+|\xi|)^{m-}|\alpha|-|\beta|\forall\alpha,\beta\in \mathrm{N}n\}$
$\text{ }\hat{\mathrm{x}}\text{ _{}\circ}$
$a(x, \xi)\in S^{m}$ Weyl aw (X, $D_{x}$ )
$(a^{w}(_{XD_{x}},)u)(_{X)}:=(2 \pi)^{-n}\int\int e^{i}-y)\cdot\xi a((x\frac{x+y}{2}. ,\xi)u(y)dyd\xi u\in S(\mathrm{R}^{n})$
$a^{w}(x, D_{x})\text{ }s(\mathrm{R}n)$ $S(\mathrm{R}^{n})\sim \text{ }$ continuous linear operator




$(x,\xi)\in \mathrm{R}^{n}\cross \mathrm{R}^{n},$ $(y, \eta)\in \mathrm{R}^{n}\mathrm{x}\mathrm{R}^{n}$
$\sigma(x, \xi;y, \eta):=\xi\cdot y-X\cdot\eta$
$\chi$ : $\mathrm{R}^{n}\cross \mathrm{R}^{n}arrow \mathrm{R}^{n}\mathrm{x}\mathrm{R}^{n}$ ; linear
$\sigma(\chi X;\chi \mathrm{Y})=\sigma(X;\mathrm{Y})\forall x,$ $\mathrm{Y}\in \mathrm{R}^{n}\cross \mathrm{R}^{n}$
$\chi$
Theorem $a\in S^{m},$ $\chi$ : $\mathrm{R}^{n}\mathrm{x}\mathrm{R}^{n}arrow \mathrm{R}^{n}$ $\cross$ Rn;
$\exists U:Sarrow S$ : isomorphism $l^{\mathrm{a}*\supset}U:L^{2}(\mathrm{R}^{2})arrow L^{2}(\mathrm{R}^{2});\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}$
$\mathrm{s}.\mathrm{t}$ . $U^{-1}a^{w}(X, Dx)U=(a\mathrm{o}\chi)w(X, D_{x})$ on $S$
$\underline{ex.1}$
$\chi$ : $\mathrm{R}_{x}^{n}\cross \mathrm{R}_{\xi}^{n}arrow \mathrm{R}^{n}\cross \mathrm{R}^{n}$ $x_{j}$ $\xi_{j}$ $\xi$, $-X$’
map $0$ $\chi$
$\mathrm{U}$
$x_{j}$ Fourier $\mathrm{U}$ $L^{2}(\mathrm{R}^{2})$ unitary
$\mathrm{o}\mathrm{p}.\text{ }$
$U^{-1}a^{w}(X, D_{x})U=(a\circ\chi)w(X, D_{x})$ on $S$
$\underline{ex.2}$ $\mathrm{T}$ : n $\cross$n , $\det \mathrm{T}\neq 0$
$\chi(x, \xi)=(Tx,{}^{t}T^{-}1\xi),$ $(x, \xi)\in \mathrm{R}^{n}\cross \mathrm{R}^{n}$
$\chi$
$f\in L^{2}(\mathrm{R}^{2})$ $(Uf)(x)=|det\tau\models^{\frac{1}{2}f(}\tau-1_{X})$
$\mathrm{U}\text{ }L^{2}(\mathrm{R}^{2})$ unitary $\mathrm{o}\mathrm{p}.\text{ }$
$U^{-1}a^{w}(X, D_{x})U=(a\circ\chi)w(X, D_{x})$ on S
$H_{0}(\lambda)$
$x=(X_{1}, x_{2})\in \mathrm{R}^{2},$ $\xi=(\xi_{1},\xi_{2})\in \mathrm{R}^{2}$
$p(x, \xi):=(\xi_{1}+bX_{2})^{2}+(\xi_{2}-bx_{1})^{2}+\lambda 2(\mu 1^{X}1+\mu_{2}22x)2$
(A.1) $H_{0}(\lambda)=p^{w}(x, D_{x})$
$U_{1}$ $x_{1}$ Fourier $p_{1}(x, \xi)$ $p(x, \xi)\text{ }\xi 1$ $-X_{1}$ $x_{1}$ $\xi_{1}$




$T=($ $0\sqrt{\mu_{1}}\lambda$ $-b1$ )
$p_{2}(x,\xi):=p_{1}(Tx,{}^{t}T^{-}1\xi)$
$=\xi_{1}^{2}+\xi_{2}^{2}+(x_{1}x_{2})(\mu_{1}\lambda^{2}-2b\sqrt{\mu_{1}}\lambda$ $\mathit{4}b^{2}+-2b\sqrt{\mu_{1}}\lambda\lambda 2\mu 2)$
$U_{2}$ : $L^{2}(\mathrm{R}^{2})arrow L^{2}(\mathrm{R}^{2})$ ; unitary $\text{ }$
$(U_{2}f)(X)= \mu_{1}^{-}\lambda^{-}\overline{4}\frac{\mathrm{A}}{2}f(\tau^{-1}x)$ ex.2
$(A.3)p_{1}^{w}(x, Dx)=U_{2}p_{2}^{w}(x, D_{x})U_{2}-1$ o
( $\mu_{1}\lambda^{2}-2b\sqrt{\mu_{1}}\lambda$ $\mu_{2}\lambda^{2}+\mathit{4}b^{2}-2b\sqrt{\mu_{1}}\lambda$ )





$)$ 2,,- $\mathrm{I}\Lambda h2$ $–/$ ))) $2”\Lambda h2.$ .






$U_{3}$ : $L^{2}(\mathrm{R}^{2})arrow L^{2}(\mathrm{R}^{2})$ ;unitary $(U_{3}f)(X)=:f(^{t}A(\lambda)X)$
ex.2
$(A.4)p_{2}^{w}(x, D_{x})=U_{3}p^{w}3(X, D_{x})U_{3}-1$ o
$p_{3}^{w}(x, D_{x})=-\triangle+m_{1}(\lambda)X^{2}1+m_{2}(\lambda)X_{2}^{2}$
$U=U_{1}U_{2}U_{3}$ $\mathrm{U}$ $L^{2}(\mathrm{R}^{2})$ unitary operator










( Qj j Hermite )
$\{w_{j,k}(\lambda;x)\}_{j,k\geq 0}$ $L^{2}(\mathrm{R}^{2})$
$H_{0}(\lambda)$ $(2j+1)\sqrt{m_{1}(\lambda)}+(2k+1)\sqrt{m_{2}(\lambda)}$
$(\mathrm{j},\mathrm{k}\geq 0;\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{r}\mathrm{S})$ $(Uw_{j,k})(\lambda;X)$ $Uw_{j,k}$
(2.5)
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